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Introduction 


This text provides a guide to the course. It also contains some mathematical 
material which provides a link between what you have probably done already and 
the beginning of the set book, O’Neill. 

It is important that you should read right through this text to check on the con¬ 
ventions used and the purpose of the various components of the course material. 
The first section is a guide to the various components of the course, plus a brief 

In Section 2, we give a very brief survey of the main mathematical prerequisites. 
There are a few exercises to remind you of the most important techniques that you 
will need. 


1 Course guide 

This course provides an introduction to the ideas and methods of differential ge¬ 
ometry by studying curves and surfaces in three-dimensional space. It deliberately 
restricts its attention to three dimensions in order to enable close links to be kept 
with your intuitive ideas about geometry. Nevertheless, the ideas and basic tech¬ 
niques developed in this course do generalize and will provide you with a good 
foundation should you wish to read further in the subject. 


1.1 Components of the course 

• The set book. 

. The Tutor-marked Assignments (TMAs). 

. The examination. 

We shall look at each of these in turn. 


The set book 


The main source of mathematical material for the course is the set book: 

Barrett O’Neill, Elementary Differential Geometry (Academic Press, 1966). 


In future, the set book will be 
referred to simply as O’Neill. 


It is essential to have this book as the course material will make no sense without 
it. The mathematical scope of the course is almost entirely defined by the sections 
of O’Neill that we have included. 


As a half-credit course cannot cow 
the material to cover the geometric 
the tools with which to study further if yc 


all the material in O’Neill, we have selected 


Course texts 

The printed texts, labelled Part 0 and Parts I-VI, are intended to provide a link We shall refer to these simply 
between previous Open University mathematics courses that you may have studied as ‘texts’, 
and the set book. They also contain some additional teaching material, suggest 
exercises for you to do to reinforce your understanding and provide solutions to 
those exercises. Each of Parts I-VI contains material associated with the corre¬ 
sponding chapter of O’Neill. The remainder of this text contains material linking 
second-level mathematics courses with M434- 





Tutor-marked Assignments 

There are four Tutor-marked Assignment 

be substituted in accordance with Univers 
equally weighted. 


s that, together, make up 
to one of the scores on tl 
sity regulations. All four 


The assignments are mostly concerned with applying the techniqv 
the course to particular examples of curves, surfaces, etc. Howeve 
priate, a question may be included that extends the course work ir 


developed in 


The examination 



Tutorials and regional support 

Your Regional Centre will inform you of the name and address of your tutor, to 
whom you will send your assignments. They will also send you details of any 
tutorials, day schools or other forms of contact that have been arranged in your 

As this course has a small number of students, it is unlikely that there will be very 
much face-to-face tuition but the Region may arrange some other form of contact 
with your tutor. 


1.2 The course structure 

^ The main aims of the course could be stated as: 
on surfaces; 

• to develop mathematical tools useful for the study of curves and surfaces; 

• to give precise mathematical formulations of intuitive notions about the ‘shaDes’ 
of curves and surfaces; 

• to develop computational techniques for investigating the properties of partic- 




The four blocks 


The course breaks down into four blocks, each corresponding to approximately four 
units’ work (in the conventional OU sense). These four blocks correspond to the 
TMAs and the aims discussed above in the following way. 


TMA M434 01 Chapter 1,1-9 and 
Chapter II, 1-2 


Mathematical Toot 
methods required : 
rest of the course 


TMA M434 02 Chapter II, 3-9 and Curves in three dimensions 

Chapter III, 1-6 


TMA M434 03 Chapter IV, 1-5 and Introduction to Surfaces 

Chapter V, 1-3 in three dimensions 


TMA M434 04 Chapter V, 4-7 and Further Study of Surfaces 

Chapter VI, 1, 2 and 6 


the corresponding text. 

The four blocks above vary somewhat in nature and difficulty. The structure of the 
blocks is imposed upon us by the structure of O’Neill-, it is, perhaps, not what we 
would have chosen if we had had a totally free hand. The comments on individual 
blocks below may help to prepare you for some of the difficulties. 

• The Mathematical Tools block is, by its nature, rather abstract and gives little 
indication of how the tools are to be used for the study of curves and surfaces. 
The introductory mathematical material in this text and the commentary in 
Part I are intended to help with this problem and to make it somewhat easier 
to organize a rather confusing mass of material. 

• The Curves block is much more concrete than the first one. Some of the tools 
of Part I are applied to studying curves in three dimensions, and powerful 

obtained, the methods used are fairly straightforward applications of calculus 

• The Introduction to Surfaces block is a mixture of some rather intricate defi¬ 
nitions and straightforward calculation techniques. One of the main aims is to 
prove some results that show that, although careful definition of what a surface 

• The Further Study of Surfaces block develops computational techniques for 
describing the shapes of surfaces, based on the tools from the first block. 


1.3 Study 

Although you may well have gained considerable experience in studying OU or 
study using set books may be more limited. 

these blocks, the sections into which the chapters of O’Neill are divided provide 
smaller pieces for study sessions. Unfortunately, the sections of O’Neill vary quite 
a lot in required study time; the texts try to give a rough indication of how they 
compare to a ‘standard’ study week of 12-14 hours. 

We would suggest that you start the study of a block by skimming through the text. 








1.4 Historical note 

This note is intended to give a brief historical perspective to some of the aspects , 
differential geometry that are dealt with in this course. Differential geometry is 
vast subject area and most of the great mathematicians of the last three centurii 


foundations for modern calculus. Huygens (1629-1695) studied curves in the course 
of his work on light. However, the calculus enabled Newton (1647-1727) to make 
a much more detailed study of plane curves, and Euler (1707-1783) studied curves 
on surfaces more general than the plane. The study of surfaces themselves was 
opened up by the use of ‘patches’ which were introduced (in a restricted way) by 
Monge (1746-1818) and then used by Gauss (1777-1855) to describe surfaces in an 
intrinsic way. This study of surfaces provided the answers to a number of problems 
including whether it is possible to make a plane map of the globe that retains all 
the ‘local’ properties of the geometry of the globe. (It is not!) 

It was Riemann (1826-1866) who saw how the theory of surfaces could be general¬ 
ized. The study of Riemann surfaces showed that Euclidean geometry was not the 
only possibility. There is now a vast literature on non-Euclidean geometries. 
Meanwhile, the theory of curves took a great step forward with the discovery by 
Frenet (1816-1900) and Serret (1819-1885) of formulas describing the curvature 

frames’ attached to the curve. This approach was extended to surfaces by Darboux 
(1842-1907) and generalized fully by Cartan (1869-1951) who brought back geo¬ 
metric insight to the profusion of equations produced by Riemann and his followers. 


2 Mathematical prerequisites 






Most of the required mathematics is provided by M203 , but some ideas appear only 
in MST204- If you have the Handbooks for either (or both) of these courses, you 
will find them useful for reference. You may also find the Mathematics Foundation 
Course Handbook useful. 

The prerequisites can be divided into the following three areas: 

• calculus; 

• vector methods; 

• linear algebra. 

In each area you will need both the basic ideas and manipulative skill with tech¬ 
niques. We shall look at each area in turn. 


2.1 Calculus 

You will do a lot of differentiating whilst studying You are expected to 

know the derivatives of many standard functions: polynomials, the trigonometric M203 Handbook 

functions, e x , log e x and so on. You are also expected to know, and be able to use, 








If we regard all variables except one as constants and differentiate with respect to 
the remaining variable, we obtain a partial derivative with respect to that variable. 
For example, using the function / above, the partial derivative with respect to x is 
obtained by treating y as a constant and is 
2 x + y 2 -y cos(xy). 

The first term is just the derivative of x 2 , the second is the derivative of x times the 
constant’ y , and the last term was obtained by applying the chain rule to sin(xy). 

Exercise 2.1 Find the partial derivative of /, above, with respect to y. 

[Sohliicm on page 15 ] 

To distinguish partial derivatives from the usual (one-variable) derivatives, we use 

9f 

for the partial derivative of / with respect to x. The symbol df/dx is read 
‘partial dee f by dee x\ 

Thus, the answer to the last exercise can be written 
g = 2*y-*cos(*y). 


Exercise 2.2 For the function y, defined above, calculate 

dx ’ dy an dz ' 

[Solution on page 15 ] 

Finally, in MJS4 we assume familiarity with the ‘hyperbolic’ functions defined by 



You have probably met these before but we suspect that you have had less practice 
manipulating them than, for example, the usual trigonometric functions. 

Most of the properties of the hyperbolic functions that we shall need can be derived 
from the above definitions. 

Exercise 2.3 Show that 

(a) cosh 2 x — sinh 2 x = 1; 

(b) sech 2 x = 1 — tanh 2 x, where sech x = 1/ cosh x. 

Exercise 2.4 Show that 

(a) cosh'® = sinh®; 

(b) sinh' x = cosh x; 

[Solutions on page 15 ] 

Occasionally, we shall need the inverse functions of sinh x and cosh x . Actually, only 
sinhx has an inverse without restricting the domain. We can obtain an inverse for 
cosh x if we restrict the domain to the non-negative reals. 





Exercise 2.5 Suppose that 


P = (1)2,—3) and q — (3,1,4). 

(a) Write down the vector equation of the line PQ. 

(b) Find a suitable vector v so that the equation of PQ can be expressed in the 
[Solution on page 15] 


2.3 Linear algebra 

We shall require a number of techniques connected with vector spaces and linear All the ideas required are 
transformations between vector spaces and matrices. discussed in M203. 

In what follows, we shall use examples from R 3 , because that, together with R 2 , 
appears most often in the course. Most of the ideas generalize quite naturally 


erty that every vector in the space can be expressed uniquely as a linear combination 
of the basis vectors. For much work that you have done before, you probably used 
the ‘standard’ basis in R 3 : 

{(1,0,0),(0,1,0),(0,0,1)}. 

Although we shall often use this standard basis, others will play an important role 
as well. However, where possible, we shall try to use bases that have two important 
features in common with the standard basis. The vectors of the standard basis are 

• mutually perpendicular. 

To justify these statements requires a^reminder of another idea: that of dot product. 
P = (P1,P2,P3) and q = (9i,«2,?s) 






Exercise 2.6 Suppose that e lt e 2 , e 3 is an orthonormal basis of R 3 and v is a 
vector in R 3 . Assume that 

v = aei +/?e 2 + 7e 3 , a, 0, 7 e R 
Show that 

[Solution on page 15] 

The result of the last exercise will be a very useful tool in the course. It is worth 
restating it as a general principle for R n . 

Orthonormal expansion 

If e i> e 2.e„ is an orthonormal basis of R" and v is a vector in R n , then 

v = (v ■ ei)ei + (v • e 2 )e 2 + • ■ ■ + (v • e„)e„. 

This expansion is called the orthonormal expansion of v with respect to the 


Linear transformations 

You have met the idea of a linear transformation from one vector space to another 
We shall deal with only the cases where domain and codomain are of dimension up 
to three. That is, we consider linear transformations 


where 1 < m, n < 3. 

As a reminder, the term linear means that 
0(av + 6w) = o *(v) + 6*(w), 

for all vectors v and w in the domain and all real numbers a and b. 

with a linear transformation. As an example, suppose 
<t >: R 3 —» R 3 
is linear. Suppose that 


is a basis for the domain and that 

is a basis for the codomain. The images of the basis vectors e t - can be expressed 
linear combinations of the codomain basis vectors: 

°(°l) = «nfi + fi i 21*2 + Oi 3 f 3 , 

0(e 2 ) = o 21 fi + u 22 f 2 + a 23 l3, 

^ ( f ’3) = a 3 ifi + a 32 f 2 + 

The matrix 


is the matrix of $ with respect to the two bases. Note the order of the coefficients. 
It is correct for the following reason. 











Solutions to the exercises 

Solution 2.1 



^ = y + 2xz-%y% 
dg_ _ 

dy X Xyz ’ 



(b) The quickest way to do this is to use the result from 



Solution 2.5 



r = (l-A)(l,2,-3) + A(3,l,4) 



Solution 2.6 

Forming the dot product of v with ei gives 



The other two results follow in the same way by taking 
the dot product of v with each of the other two basis 






